A non linear hybrid finite element formulation, for the two dimensional eigenvalue analysis of open waveguides is proposed. The infinite solution domain of this kind of problems is divided into two region using a fictitious cylindrical surface-C. Inside the surface-C the finite element method is employed. Outside the surface-C the infinite domain is modeled through an infinite sum of cylindrical harmonics. The two solutions are coupled considering the continuity of the tangential field components along the surface-C. The overall procedure ends up to a nonlinear eigenvalue problem of the form A(β) · x = 0 where β is the propagation constant along the axis of the waveguide. For the solution of the nonlinear eigenvalue problem the Regula Falsi method is considered. The solution procedure is based on the initial values provided from a linear approximation of the problem. Finally, the validity of the method is verified by comparison with measurements presented in the bibliography.
Introduction
During the last years a particular research effort is directed towards the solution of the eigenvalue problem of arbitrary cross-section waveguiding structures in a unified and general way.
All of the numerical techniques developed towards this direction try to convert the open-radiating problem to an equivalent closed one and in that way truncating the solution domain. This can be achieved either by making use of an artificial boundary transparent to the solution or by combining the Finite Element Method (FEM) with methods, such as the method of moments, capable of modeling the unbounded region. When the artificial boundary is considered one method to truncate the solution domain is to impose on it either the Absorbing Boundary Conditions (ABCs) or employ the Perfect Matching Layer (PML). An alternative method is to express the field in the unbounded region as an expansion of solution satisfying both the Maxwell equations and the radiation condition. However, for the two dimensional (2D) open waveguides, the performance of the already proposed techniques in the solution of the corresponding eigenvalue problem, is very poor. In particular, while PML is quite efficient in the estimation of the field distribution generated by a specific source, when this is used in the solution of eigenvalue problem leads to spurious (or corrupted) solutions.
In the present work a hybrid finite element method capable of handling problems involving open arbitrary shaped waveguides is described. The problem at a first stage is approximated by means of a linear eigenvalue formulation. The formulation is derived by combining the finite element method and an approximate expansion in cylindrical harmonics [1] . Namely, the radial wavenumber in the unbounded media is considered approximately equal to that of free space. This is a reasonable approximation for the spectral region only around cut-off. The eigenvalues calculated using this approach were in good agreement with experimental results. However, aiming at a more generally valid method, the present effort considers the accurate radial wavenumber, which unfortunately (as it is already expected) yields a non-linear eigenvalue problem. The final nonlinear algebraic system is formulated employing a full electric field FEM formulation discretized by mixed edge/node triangular elements. The final nonlinear system is solved using the Regula Falsi technique [2] and employing the solution of the first linear approach as an initial guess.
Formulation of the Problem
The general geometry of our analysis is shown in figure 1 . It is indeed an open waveguide with arbitrary cross section but uniform along the propagation axis (z-axis). The wave propagation is assumed along the z axis e −jβz and the time dependence is of the form e jωt . Our goal is to derive a hybrid finite element (FEM) formulation able to estimate the proper guided and evanescent modes as well as the so called improper or leaky wave modes propagation constants. The overall analysis is based on the electric field vector wave equation after its separation into transverse and longitudinal field components:
First the semi-infinite solution domain of Figure 1 must be truncated. This is achieved by introducing the fictitious cylindrical surface-C, which separates the solution domain into two subregion S 1 and S 2 as it is also shown in Figure 1 .
In subregion S 1 the Galerkin method is applied to yield the following weak formulation:
For the other part of the solution domain (region S 2 ) the field is expressed by the expansion of E z and H z components in an infinite sum of cylindrical harmonics. Namely, considering equivalent non-uniform electric and magnetic line sources oriented along the z-axis and located at the center (ρ = 0) of the structure. This field expansion can be written as:
Where k ρ = k 2 0 − β 2 , k 0 = ω/c and A m , B m are unknown weighting factors. These unknown coefficients can be evaluated by applying the continuity of the two field expressions (FEM and cylindrical harmonics expansion) along the fictitious boundary C at ρ = ρ c . So, Considering the tangential electric field continuity on the surface-c and exploiting the orthogonality property of the functions e −jmφ and e jmφ :
Where the superscript C denotes the field values (e.g. from FEM) along the contour-C, at ρ = ρ c . The A m , B m coefficients of equation (7) (5),(6). Through the equations:
the transverse field expression E e t = E e ρρ + E e φφ is also obtained. In turn these expressions are used for the evaluation of the contour integrals A and B involved in the weak formulation (3), (4) . These integrals serve also as the coupling of the two field expression. The resulting expressions is as follow:
Following the standard FEM discretization process this final formulation is transformed to a generalized nonlinear eigenvalue problem:
Where the eigenvalues are the wave propagation constants β along the axis of the open waveguide, and the corresponding eigenvectors are the electric field distribution inside region (S 1 ).
Solution Procedure of the Nonlinear Eigenvalue Problem
The major difficulty of the presented technique is the solution of the nonlinear eigenvalue problem (12). In our case the final nonlinear eigenvalue problem is treated by means of the regula falsi technique presented in [2] in combination with the Implicitly Restarted Arnoldi Method [3] . The regula falsi algorithm linearly interpolates the nonlinear eigenvalue problem between two given points σ and µ. Subsequently, this new "linearized" eigenvalue problem is solved and the eigenvalue with the smaller magnitude provides us with a new µ. This procedure is repeated until a convergence is reached. The regula falsi algorithm can find with acceptable precision only the eigenvalue and its corresponding eigenvector that is closer to µ. Also if the unknown eigenvalue is not close to the interval spanning for σ to µ the procedure is quite slow, as it needs a lot of iterations to reach convergence. To overcome the above draw backs, it would be very convenient if an initial guess of the eigenvalue spectrum was available. This initial guess of the spectrum is provided by the linear approximation of the formulation given by the equations (10) and (11), which was presented in [1] . This is based on the assumption that near cut-off β ≃ 0 we can approximate the radial propagation constant k ρ with the propagation constant of the free space k o .
Strictly speaking the nonlinearity is due to the presence of the unknown eigenvalue β in the arguments of the Hankel functions. So, the approximation k ρ ≃ k 0 is only used within these arguments. Concluding, the solution procedure of the nonlinear eigenvalue problem presented in Eqs. (12) can be summarized in the following steps. First the approximate linear eigenvalue problem presented in [1] is solved for a given geometry. The solution provides as with a first approximation of the geometries eigenvalue spectrum in a given frequency range. Subsequently these approximate solutions are utilized in the definition of the guess intervals [σ, µ] needed by the Regula Falsi algorithm to solve the nonlinear eigenvalue problem (10), (11). Thus for every approximate eigenvalue found in the first step a guess interval is defined and the regula Falsi technique is applied. In that way we are able to calculated the correct spectrum of eigenvalues in the originally defined frequency range. The computational resources needed are approximately three to four times greater than that for the solution of the approximate linear eigenvalue problem in [1] , but still remains affordable. 
Numerical Results
The validity of the method was tested against experimental results given by Lambariello et al. [4] . In this reference a leaky waveguide antenna was analyzed and measured. The cross section of the measured antenna, which works in the X-band, is presented in Fig.2 .
The dispersion curves obtained from the solution of the generalized eigenvalue problem are shown in Fig.3 , for both the imaginary and the real part. The linear eigenproblem is first solved and the resulting eigenvalues are in turn finetuned using the exact non-linear formulation. An excellent agreement is observed between our calculated results, especially for the nonlinear case, and the experimental results (continuous line) [4] . At this point we have to point out that the method is more accurate and effective when the center of the fictitious surface-C is placed near the opening of the waveguide. When this condition is satisfied the results form the linear approximation are more close to the correct solution even for wavenumbers away from cut off. This is an important observation, since the equivalent line sources generating the field expansion in the unbounded region are assumed to be located at the center. Namely, the formulation is more accurate when the equivalent sources obey the "Field Equivalence Principle". Finally, results for various types of open waveguides, including printed lines, will be presented at the symposium.
Conclusion
A non-linear eigenanalysis scheme for 2D Open-radiating Structures based on a hybrid FEM and a cylindrical harmonics expansion is formulated and solved. The method is validated through comparison with measurements available in the bibliography. The proposed method is found to be very sensitive from the equivalent sources location (center ρ = 0) with respect to the radiating aperture (or apertures). An alternative formulation based on this observation constitutes an important extension of this method.
